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Summary A statistical model is developed which accounts for the phserved incidence of ALDS cases n the U.S. for a nine-year
period. We derive the expected multinomial probabilily of developing AIDS within six-month tme intervals from infection to ALDS.
Information from the nfection rate function is combined with these probabilities and averaged over the prior parameter space w model
the overall cumulative distribution of time from infection o AIDS, A Gammna farodly of prior distributions is examined {or modeling
the systemn which accounts for changing risk over time with increasing hazard as one approgches the latter stages of infection. Thus,
ane incorporales a time varying hazard restriction on varying portions of time, Likelihood regions for the infection rate parameters
are derived, and the fich family of prior distributions is fairly robust in modeling the cumulative time 10 ATDS for a number of years
after seroconversion. The accuracy of the mode! for prediction Is restricted to onky a few time intervals beyond the end of the observed

time period,

1. Introduction

Time to AIDS from seroconversion is distributed such that risk
increases as one moves from the initial infection, The modeling
of the size of the epidemic is well established in Brookmeyer
and Gail (1988), Taylor (1989), Rosenberg, Gail and Pee
{1991), Rosenberg, Bigger, Goedert and Gail (1991) and
Anderson, Medley, May and Johason (1986). Methodologies
have mciuded development of deterministic models which
account in part for the many factors which alfect the spread
and development of AIDS, Other approaches include the
development of stochastic models, We take this latter approach
in furthering the methodology of Taylor (1989) in & Bayesian
framework Incorporating time varying hazagd as is outlined in
Blackstong, Naftet and Turner (19863, The assumption i that
the hazard function of the time-related event to AIDS from the
initial infection is time varying in a structured fashion as is the
mfiuence of risk factors associated with the events. In our
current developinent, We uSSIINE & CONStant covariale sractire
or busically ignore any covariate influence on the change in
hazard. Varicus phases are noted when the hazard does change
over time. The Bayesian model provides a good fit to the data,
For demonsiration purposes we concenlraie on the nme-year
data from the first half of 1978 to the first half of 1987, Taylor
(1989) uses this cohort, and it provides a good basis for our
methodology in modeling the cumulative distribation of the
time from infection to AIDS,

i1 Statistical Methods

Let I, denote the incidence of HIV ifections utf time
point 1 where we consider six-month incremenis, ie. i = i

corresponds o Tuly 1978, 1 = 2 corresponds to January 1979,
o 3= 18 corresponds to January 1987, Let the
incidence of HIV at thme point 1 be

b)Y = ce™, {1

This 15 the double exponential model with unknown parameters
A, band ¢ for A, ¢ > 0. b real. This s one of the incidence
distributions considered by Taylor (198Y). This represents an
initial exponendal growth with the possibility that a plateay is
reached later in the epidemic. As I Taylor (3989) let P i= 1,
..., 18 denote the probability of developing AIDS within i six-
month time periods of infection. So P, = probability of
developing AIDS in the first year, P, = probability of
developing AIDS within nine years of infection, The P’y are
derived empirically from the existing data. See Taylor (1989).
We ket ¥, } = 1, ., 18 denote the number of AIDS cases
which developed in a sbemouth period j fom j = 1, the
sgcond half of 1978 w0 § = 18, first half of 1987. We lei N =
49 842 he the total number of ATDS cuses which developed by
the middle of 1487, The distribution of X, is multinomial (N:
M,, ... M) where M, is the probubility that one of the AIDS
casas from the set of N cases occurs in interval T, That is
g
M, = % 2 Ik boo) (P

i=1

-p o @
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where Po= 0. I occurs #t the start of the i* time period.
This equation is in the usual convolution format discussed in
backealcnlation. See Rosenberg, Gail and Pee (1981),

Tn the spirit of Blackstove et al, (1956), we wish to model the
prior for A using decompositon into phases of Gme-varying
risk. This is accomplished by 4 parsmetric modeling system
that was originally conceptualized by Blackstone et al. (1986),
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in terms of the cumolative bazard function Afs). Muitiple
overlapping phases of risk are consider 10 be additive, with
each phase individually shaped by a function of tme and
scaled by a Iunction of concomitant information, In our case,
we omil consideration of concomitant data and owr time-
varying hazard corresponding tw risk periods [ for changes in
the hazard in fiines 1 (o 18 3

A .
Ak = E ot a0t T N {3
HEN]
for
M) = ﬁ N !'"(_?\.T,)T: “le T
VAN

where R oequal the number of periods in which the hazard
changes from interval 1w interval 18, 7, v, > 0 are the prior
hyperparameters and g is the midpoint for visk period 1, The
first period {0 = 1), for cxample, is from injerval 1o interval
6. See Table 1, This article presents a model for decomposition
of A{A) and later posterior A(A|Y) inio as many as R = 3
phases or perods. Bach phase is defined ford <1 < oo
although the effects of cach are more prominent at ong time
than another, Priov scale and shape parameters are assessed
accordingly. See Birch and Bartoluced {1983), and Barolucci,
Katholi and Birch (1992) for a methodology of deriving initial
estimates of the hyperpurameters.

The Bayesiun prior to posterior anadyses, thus, allows us o
compuis the valge of each M, averaged over the prior
parameter space for & with a prior density, p(Ajt, 7, j&).
Thut is e

Fo= Pooyg o8 thes

E{Mjl‘}-y, T, Yo RY =

L o
N i?w £ I‘ L0 by cip(hlt, o dh (4)
' ! d

1 ¢ ‘
= L P ety
N =1

where

h,ﬂ = (7&1:’)‘:1 - f{{ e,

P T, 1) = 80D

for
8,40 = 1 for period I
O otherwise.

Thus, the nosterior expected AIDS incidence within interval §
for hazard period I8 NE{MJM, T, s &), Purameters ¢ and
b are those which maximize the posterior expected incidence
(4.
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1.2 Resulis

The value of ¢ which muaximized the postedor expecied
Tkelthood was ¢ = 23432, The expected ikelibood region lor
b owas 06 to +.06 with a peak at b = 0.0005. Note in Tahie 1
that the prior and posterior hazards are ncreasing which is
cansistent with increased risk as one moves forward in time
from scroconversion. The hazard updated by the data is
tempered comparcd 0 the prior hazard, Note the five-risk
regions for ime varying harard. Period / = 1 is the first three
vears, perlod { = 2 38 3.5 1o 4.5 years. eic, Table 2 shows a
fairty good it to the actpal AIDS incidence by the Bayesian
model. Thig is also seen in Figure 1 which is the piot of the
probability of ATDE in each interval. Unlike Biackstone, Naflel
and Tumer (1986) our bazards are not averlapning. Thus, the
Bayesian curve (solid fine} is not smooth, The model predicts
between 12,663 and 17,743 cases tor futare time period § = 19,
or the Iatter hadf of 1987, for a range of the prior parameters,
The actual value Is approximately 14,000,

1.3 Sumansry

The time varying hazard for the Bayesian mode! it reasonably
to the empirical data, Prediction is accurate for nesr foture
cventy only, MNo attempt was made © adjust the model for
under-reporting. We are in the process of updating meidence
both nationally and locally to st the it of the model or
develop the model further for these events. Note here we
mudeled the imckdence function parameter with the gamma
family of distributions. The cohereat prior (0 posterior analysis
demenstrated by Buroluced and Dickey (1977} and by
Bariolucet and Singh (1993) held ap here as well. Our goal is
t0 Turther test exponential families of prior dismibutions with
the incidence function. Fulure studies with the prior beta-
binomnial family of funclions for the discrete probability of
AIDS in given time ntervals will be examined as well, Gunel
(1984} demonstrated the feasibildy of this approach in a
muitinomial model

The provedure in this paper demousirates that the neorporation
of uncertainty into the infeclion model i o feasible approach
tr modefing the incidence of AIDS. Ag noled sbove a
refinement of the process requires further study,
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1.6 Tables

Feried Time v - Prior Pasterior
! i)

i

1 1- 6 kR 0.5 0179 G001
2 7-8 34 0.5 0.3608 0,007
3 14 - 15 301 1.00 (.833 0,036
4 14 - 18 33 1.80 1.124 G.146
E 17 .18 31 24 1.238 £4.304

Table 1
Gamma Prior and Posterior Huzards

Defined by Hyperparameters ¥, and 7,

Actual Bayesian
i=1 Interval Incidence Nladel
1-3 1978(B) - 13 15

197908
4 1980(A) 20 a6
B 1H80() 34 47
6 1981A) B9 88
7 1981(8) 181 79
B TURI(A) 368 a8l
G 1982(B) 656 485
16 1R A) 1240 1196
1 BN 1516 1337
i 198404 2526 2a60
13 TUB4(E 3339 2968
14 19BA(AY 4717 4884
i5 THES(RY 168 6303
i 1986(A) TETE 7438
17 19868} 2454 8599
18 TOBT(AY 11543 11529
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Table 2
Mumher of AIDS Cases in Bach Six-Month Interval
B = July - December

A = January - June
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Figure
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Figure 1

Piot of Empirical (£} Probahbility of AIDS

vs. Bayesian (3} Solution
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